Background {#Sec1}
==========

The study of functions of matrices is a very popular topic in the Matrix Analysis literature. Some basic references are Gantmacher ([@CR8]), Higham ([@CR10]) and Horn and Johnson ([@CR12]). The subject of the orthogonal polynomials cuts across a large piece of mathematics and its applications. Matrix orthogonality on the real line has been sporadically studied during the last half century since Krein devoted some papers to the subject in 1949. In the last two decades this study has been made more systematic with the consequence that many basic results of scalar orthogonality have been extended to the matrix case. The most recent of these results is the discovery of important examples of orthogonal matrix polynomials: many families of orthogonal matrix polynomials have been found that (as the classical families of Hermite, Laguerre and Jacobi in the scalar case) satisfy second order differential equations with coefficients independent of *n* (Duran and Grunbaum [@CR6]).
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                \begin{document}$$(A+I)_0=I.$$\end{document}$ An explicit expression for the Laguerre matrix polynomials, a three-term matrix recurrence relation, a Rodrigues formula and orthogonality properties are given in Jódar et al. ([@CR14]). The Laguerre matrix polynomials satisfy functional relations and properties which have been studied in Jódar and Sastre ([@CR15], [@CR16]), Sastre and Jódar ([@CR25], [@CR26]), Sastre and Defez ([@CR24]), Sastre et al. ([@CR23]).

Recently, *q*-calculus has served as a bridge between mathematics and physics. Therefore, there is a significant increase of activity in the area of the *q*-calculus due to its applications in mathematics, statistics and physics. The one of the most important concepts in *q*-calculus is the Jackson *q*-derivative operator defined as$$\documentclass[12pt]{minimal}
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Exton ([@CR7]) discussed a basic analogue of the generalized Laguerre equation by means of replacing the ordinary derivatives by the *q*-operator ([3](#Equ3){ref-type=""}) and studied some properties of certain of its solutions. Moak ([@CR19]) introduced and studied the *q*-Laguerre polynomials$$\documentclass[12pt]{minimal}
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The *q*-Laguerre polynomials ([5](#Equ5){ref-type=""}) appeared as a solution of the second order *q*-difference equation$$\documentclass[12pt]{minimal}
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The *q*-Laguerre polynomials has been drawn the attention of many authors who proved many properties for it. For more details see Koekoek and Swarttouw ([@CR18]), Koekoek ([@CR17]).

As a first step to extend the matrix framework of quantum calculus, the *q*-gamma and *q*-beta matrix functions have been introduced and studied in Salem ([@CR21]). Also, the basic Gauss hypergeometric matrix function has been studied in Salem ([@CR22]).

In this paper, we extend the family of *q*-Laguerre polynomials ([5](#Equ5){ref-type=""}) of complex variables to *q*-Laguerre matrix polynomials by means of studying the solutions of the second order matrix *q*-difference equations$$\documentclass[12pt]{minimal}
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For the sake of clarity in the presentation, we recall some properties and notations, which will be used below. Let \|\|*A*\|\| denote the norm of the matrix *A*, then the operator norm corresponding to the two-norm for vectors is$$\documentclass[12pt]{minimal}
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The logarithmic norm of a matrix *A* is defined as (Sastre and Defez [@CR24])$$\documentclass[12pt]{minimal}
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Matrix *q*-difference equation {#Sec2}
==============================

The following lemmas will be used in this section.

**Lemma 1** {#FPar1}
-----------
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**Lemma 2** {#FPar3}
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-------
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**Definition 4** {#FPar7}
----------------
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*Remark 5* {#FPar8}
----------
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Generating functions {#Sec3}
====================

The basic hypergeometric series is defined as Gasper and Rahman ([@CR9])$$\documentclass[12pt]{minimal}
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Notice that the *q*-shifted function $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(a;q)_n$$\end{document}$ has the summation Koekoek and Swarttouw ([@CR18])$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(a;q)_n=\sum _{k=0}^n{n\brack k}_qq^{\left( \begin{array}{c}k\\ 2\end{array}\right) }(-a)^k$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${n\brack k}_q$$\end{document}$ is the *q*-binomial coefficients defined as$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {n\brack k}_q={(q;q)_n\over (q;q)_k(q;q)_{n-k}}={\left( q^{-n};q\right) _k\over (q;q)_k}(-1)^kq^{kn-{\left( \begin{array}{c}n\\ 2\end{array}\right) }}. \end{aligned}$$\end{document}$$

Also it has the well-known identities$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(a;q)_{n-k}={(a;q)_n\over (q^{1-n}a^{-1};q)_k}\left( -{q\over a}\right) ^kq^{{\left( \begin{array}{c}k\\ 2\end{array}\right) }-nk},\quad a\ne 0,\quad k=0,1,2,\ldots n$$\end{document}$$and$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(a;q)_n={(a;q)_\infty \over \left( aq^n;q\right) _\infty },\quad n\in {\mathbb{N}}_0.$$\end{document}$$

The *q*-shifted factorial matrix function was defined in Salem ([@CR21]) as$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(A;q)_0=I,\quad (A;q)_n=\prod _{k=0}^{n-1}\left( I-Aq^k\right) ,\quad n\in {\mathbb{N}}$$\end{document}$$and satisfies$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} (A;q)_\infty =\lim _{n\rightarrow \infty }\prod _{k=0}^{n-1}\left( I-Aq^k\right) =\prod _{k=0}^\infty \left( I-Aq^k\right) =\sum _{k=0}^\infty {(-1)^kq^{\left( \begin{array}{c}k\\ 2\end{array}\right) }\over (q;q)_k}A^k. \end{aligned}$$\end{document}$$

Furthermore, if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Vert A\Vert <1$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$q^{-k}\not \in \sigma (A)$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k\in {\mathbb{N}}_0$$\end{document}$, the infinite product ([26](#Equ26){ref-type=""}) converges invertibly and$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(A;q)_\infty ^{-1}=\sum _{k=0}^\infty {A^k\over (q;q)_k}.$$\end{document}$$

In Salem ([@CR21]) a proof of the matrix *q*-binomial theorem can be found$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sum _{k=0}^\infty {(B;q)_k\over (q;q)_k}A^k=(A;q)_\infty ^{-1}(AB;q)_\infty ,$$\end{document}$$for all commutative matrices $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$A,B\in {\mathbb{C}}^{r\times r}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$q^{-k}\not \in \sigma (A)$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k\in {\mathbb{N}}_0$$\end{document}$.

For complete this section, we need the following:
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*Proof* {#FPar10}
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*Proof* {#FPar16}
-------

The left hand side of ([37](#Equ37){ref-type=""}) can be rewritten by means of using the transformation ([36](#Equ36){ref-type=""}) as follows$$\documentclass[12pt]{minimal}
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**Corollary 10** {#FPar17}
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*Proof* {#FPar18}
-------

The generating function ([37](#Equ37){ref-type=""}) can be expanded as$$\documentclass[12pt]{minimal}
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*Remark 11* {#FPar19}
-----------

In view of the explicit expressions of the *q*-Laguerre matrix polynomials ([19](#Equ19){ref-type=""}) and ([41](#Equ41){ref-type=""}), with replacing $\documentclass[12pt]{minimal}
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Recurrence relations and Rodrigues-type formula {#Sec4}
===============================================

This section is devoted to introduce some recurrence relations and Rodrigues type formula for the *q*-Laguerre matrix polynomials.

**Theorem 12** {#FPar20}
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*Proof* {#FPar21}
-------
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Inserting the above relation into the generating function ([37](#Equ37){ref-type=""}) with taking the *q*-derivative of the right hand side yields$$\documentclass[12pt]{minimal}
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Equating to the zero matrix the coefficient of each power $\documentclass[12pt]{minimal}
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**Theorem 13** {#FPar22}
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*Proof* {#FPar23}
-------

It is not difficult, by using ([19](#Equ19){ref-type=""}) to see that the *q*-Laguerre matrix polynomials satisfy the forward shift operator$$\documentclass[12pt]{minimal}
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In order to obtain the Rodrigues-type formula for the *q*-Laguerre matrix polynomials, we derive the following theorem.

**Theorem 14** {#FPar24}
--------------
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Orthogonality property {#Sec5}
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**Theorem 16** {#FPar28}
--------------
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-------
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The results proved in this section can be summarized in the following theorem:
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Conclusion {#Sec6}
==========
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